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SUMMARY 

Theoretically derived charts and equations are presented by which 
tail-rotor design studies of directional trim and control response at 
low forward speed can be conveniently made. The charts can also be used 
to obtain the main-rotor stability derivatives of thrust with respect to 
collective pitch and angle-of attack at low forward speeds. 

The use of the charts and equations for tail-rotor design studies 
is illustrated. Comparisons between theoretical and experimental results 
are presented. -- , 

. 

The charts indicate, and flight tests confirm, that the region of 
vortex roughness which is familiar for the main rotor is also encountered 
by the tail rotor, and that prolonged operation at the corresponding 
fl&ht conditions would be difficult. 

.a 

INTRODUCTION 

The tail rotor of a conventionally powered single-rotor helicopter 
has two purposes - to counteract the rotor torque and fuselage yawing 
moments and to msneuver the helicopter directionally. PrelFminary 
flyLng-quality studies have indicated a minimum desirable response of 
3’ yaw in the first second following a l-inch step displacement of the 
pedals while hovering in zero wind. In addition to indicating a mini- 
mum desirable response value, these studies have also indicated the 
existence of a maximum desirable response value. When large pedal fric- 
tion and out-of-trim forces are present, the maximum desirable response 
value is indicated to be approximately 10' of yaw in the first second 
folloting a l-inch step displacement of the pedals while hovering in 
zero wind. When pedal friction and out-of-trim forces are relatively 

. 
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small, a maximum desirable value of 2 .to 4.times a& large as the 10' value 
is indicated. 

. Some of-these flying-quality indications are- incorporated in the 
flying-quality requirements of reference 1.. ti addition, reference 1 
calls for the ability .of average-sized helicopters to make a complete 
turn over a spot while hovering in a 30-knot wind: aJld, while trimned 
at the most critical yaw angle, to be able to achieve at least 3' of 
yaw in the first second following full defl&tion 07 the pedals in the 
critical direction. Other flying-quality and stability studies have 
indicated-that careful design is frequently required to satisfy these 
criteria without unnecessary sacrifice in weight, rotor clearances, or 
other factors. Tail rotors for jet-powered he-Ucopters, for example, are 
of minimum size inasmuch as their primary purpose is toprovide control, 
a.ud unless specifically designed to do so, might not Fulfill s,lLL of these 
criteria. .- 

As an aid in designing helicoptersto meet the directional require- 
ments of reference 1, it would, of course,;be desirable to have published 
informatioa available whereby problems of direction&trim and control 
can be conveniently studied for helicopters of various types and con- 
figurations. The single-rotor helicopter waschosen for study in this 
paper because of its wide usage and because-the necessary background 
theory is readily available. The results of the stw are presented 
in the form of charts and related equations, snd a comparison is made 
between theoreticaLand experimental results. In the course of this 
compsxison, a region of possible directional-control difficulty is 
indicated. 

The charts presented herein can also be used to obtain themain- 
rotor stability derivatives relating the change in thrust-coefficient- 

solidity ratio with pitch angle ac T= &Tb 
ae 

and with angle of attack - 
aa 

at low forward speeds -(at tip-speed ratiosiess t&0.10). The signif%- 
came of these derivatives is discussed in reference 2, which also pre- 
sent6 charts for obtaining them for tip-speed ratios equal to or greater 
than 0.15. 

a 

b 

B 

SYMBOLS 

slope of curve.of section lift coefficientagainst sect-Zen 

l 

s&e of attack in radians (assumed herein to be 5.73) 

number of blades per rotor 

tip-loss factor (assumed herein to be 
outboard of radius 3R are assumed 
but no lift- 

0.97); blade elements 
to have profile drag 
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blade section chord, ft 

s 

1.0 
cxax 

equivalent blade chord (on thrust basis), Ol o Y ft 

s 

. 
x%x 

0 

thrust coefficient, T 
TcR~P(QR)~ 

rotor-shaft torque coefficient, - 
KR~&IR)~R 

mass moment of inertia, referenced to Z-s&s (vertical axis 
through center of gravity), slug-ft2 

horizontal distance from tail-rotor hub to main-rotor hub, ft 

yawing moment, lb-ft 

rotor-shaft torque, lb-ft 

rate of yaw with respect to earth axes, 2?l 
d-t' radians/set 

blade radius 

Laplace transform parameter 

rotor-shaft power, hp 

. rotor thrust, lb 

ttae, set 

induced inflow velocity at rotor (always positive), ft/sec 

true airspeed of helicopter along flight path, ft/sec 

ratio of blade-element radius to rotor-blade radius 

rotor angle of attack, radians; angle between flight path and 
plane perpendicular to axis of no feathering (positive when 
axis is inclined rearward) 
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blade-element ngle of attack at yadial position $6R 

(measured frm line of zero lift), deg 

sideslip angle, radians; angle between plane of symmetry and 
flight path, positive for sideslip to right (for tail-rotor 
thrust to righti j3t- 9) 

"rudder" 
in. 

pedal deflection, positive for right pedal forward, 

angle of yaw with respect to earth axes, radians 

blade-section pitch angle, radians (unless otherwise stated); 
angle between line of zero lift of blade section and plane 
perpendicular to axis of no feathering 

blade pitch angle at hub, radians 

difference between hub and tip hitch angles, radians; positive-- 
when tip angle is larger _. 

inflow ratio, (V sin a - v)/CZR 

tip-speed ratio, V cos a/QR 

mass density of air, slugs/cu ft 

rotor solidity, bCe/xR 

rotor angular velocity with respect to helicopter, radLans/sec; 
positive ip counterclockwise direction as viewed from above 

Subscripts: 

hov hovering 

i induced - 

In 

BR 

t 

main rotor 

at radial position BR 

tail rotor; this subscript-is used only where there might be 
some conf'usion as to which rotor is referred to 

. 
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iWXGYSIS 

Problems of directional trFm and control response of the single- 
rotor helicopter involve a knowledge of the relation between tail-rotor 
collective pitch and various operating and design variables as well as 
sn understanding of the dynamic response of the helicopter to control 
deflection. Both types of information are discussed in this section. 

Static Rotor Characteristics 

Tail-rotor collective-pitch relations can be most conveniently 
studied by means of charts that are presented herein. The theory on 
which the charts are based is developed in appendix A, and the applica- 
tion of the charts is illustrated in the section entitled "Illustrative 
Calculations." 

. 

In appendix A equations for the collective pitch of a tail rotor 
at low forward speeds are derived in terms of its forward speed, tip 
speed, sideslip angle, thrust coefficient, solidity, and the yating 
velocity of the helicopter. The derivations are based on the rotor 
theory of references 3 and 4. The assmtions involved are discussed 
in appendix A. Ccmparison of the equations with more accurate but less 
general calculations presented in references 5 and 6 is made in appen- 
d&x A and shows good agreement. The charts based on the equations of 
appendix A are considered applicable to tip-speed ratios equal to or 
less than 0.10. 

. An eqression is also derived in appendix A for determining typical 
blade-section angles of attack in the hovering or vertical-flight condi- 
tion. This expression provides a basis for determining the limits of 
validity of the equations for tail-rotor collective pitch caused by tail- 
rotor stall. Another condition of operation wherein the theory becomes 
invalid is the vortex region. This region of operation is treated by 
means of a semiempirical theory and is also discussed in appendix A. 

In figure 1, 0t 
2BR 

collective pitch angle at iS 

shown as a function of the axial advance ratio for constant 
t 

values of 

the construction of figure 1, equations (A5) and (A6) were used for the 
region where the momentum theory was applicable. For the vortex region, 
figure 2 and equation (Al) were used as discussed in appendix A. The 
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vortex region, the limits of which are given by equations (AX!) and (Al3), 
is shown dashed in figures 1 and 2. 

Equation (Ag) indicates that a line of constant CTb corresponds 
to a constant value of a2 . Thus, the lines for the larger values of- .- 

=SR 

0 !k 3 
are also labeled in figures 1 and 2.with the values of- a2 in 

a t- PR 
order to allow their use for studies of blade stall. 

Of the three quantities of which et 
&R 

is a function in figure 1, 
I 

only the parameter is not known at the start. Det-ermina- 

tion of this quantity is facilitated by plotting itin figure 3 against 
the tail-rotor sideslip angle et for constant-values of the tail-rotor , 
forward-speed parameter . The regions where the momentum 

theory is applicable were obtained.by iterative solution of equations (Al5) 
and (~16). For the vortex region, which is shown dashed, equation (Ali') 
and figure 2 were used as discussed in appendix A. Ttte 1Mts ofthe 
vortex regionin figure 3 are given by equations (A@) and (Alg) which 
are plotted in figure 4. . 

Response to Pedal Deflection 

A cmplete tail-rotor study involves, in addition tu.charts of-static 
rotor characteristics, an analysis that predicts the response of a heli- 
copter to pedal defle.ction. Such an analysis; which derives the equation 
for the yaw of the helicopter following a step displacement of the pedals, 
is presented-in appendix B. Associated main- and taii-rotor stability 
derivatives are also derived in appendix B. .To simplify theanalysis, two 
extreme cases are considered. In the first case, the rotor speed is 
assumed to remainconstant during the yawing maneuver. whereas in the 
second case-the rotor speed is assumed to vary enough that constant speed 
with respect to earth axes is maintained; that is, & = r. 

ILLUSTRATIVE CXLCuLllTIONS 

The use of the charts of figures 1 and 3 for tail-rotor design 
studies, as well as the pedal-responseanalysis, is~i%Mrated by the 
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following sample calculations. The examples were chosen to be illus- 
trative of the type required to investigate the ability of a helicopter 
to meet current flying-quality requirements. During the calculation of 
response to pedal deflection, the procedure for obtaining the rotor 

*,/a derivatives - 
ae 

The following characteristics are assumed: 

Main rotor: 
Cl, radians/set . 

vhovj ft/sec . 

. . . . . . . . . . . . . . . . . . . . . . . . 

. . . . . . . . . . . . . . . . . . . . . . . . 

. . . . . . . . . . . . . . . . . . . . . . . . 30 
Direction of rotation (counterclockwise as viewed from above) 
I s,slug-rt2......................... 2,000 

=d ST/a - is illustrated. 
c?u 

Tail rotor: 
0.12 

;+::::::::::::::::::::::::::::,,., 
2t,ft . . . . . . . . . . . . . . . . . . . . . . . . . . . . .30 
m,ft/sec........................... 565 
Pitchrange,deg..................... -5 to 15 
91, deg . . . ._. . . . . :.. . . . . . . . . . . . . . . . . . -8 

C WCR2(CLR)22 t . . . . . . . . . . . . . . . . . . . . . . . 1 108,ocx3 
Pedal travel, 6, (right pedal reduces tail-rotor 

pitch),in........................... 8 

General: 
I, (including mass of tail rotor), slug-ft2 ......... 5,000 
Aerodynamic yawing moment (except where noted) ......... 0 
p ............................. 0.00238 

. 
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TaiL-Rotor Pitch Required To Hover 

Inasmuch as fuselage yawingmoments are assumed equal to zero, 

Tt = 35O x 55O = 321 
20 x 30 

cTt = 321 
0.00238 x 39.6 x (565);? 

= 0.0107 

(CT/a)+= o.o@ 

Inasmuch as CI = 0, 

Thus, from the chart of figure l(d) for 

Vt sin Bt 
\ 

(oRIt 
= 0.089, et3 = 1.2.6~. - 

t 
T;BR - 

Tail-Rotor Pitch Required To Turn Over a Spot in a 

30-mot (50.6 ft/sec) witi 

Tail-rotor pitch required for trim at different-sideslip angles.- 
The first step in determining the tail-rotor pitch required to turn 
slows over a spot in a 30-knot (50.6 ft/ set) wind is to find the tail- 
rotor thrust, which in turn depends on the main-rotor torque. The main- 
rotor torque msy be found as follows: 

v 50.6 - = - = 1.69 
vhov 30 

c 
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By using this value of V/vhov, figure 8 of reference 7 yields 

v/vhov = PJPlhov = 0.64. Thus, the induced power required at 30 loots 
is Pi = 0.64 x 0.8 x 350 = 179. By assuming no change in the hovering 
value of profile-drag power, the total power required at 30 knots is 
then P = 0.2 x 350 + 179 = 249. 

By repeating the previous procedure, 

T+ = 249 x 55O = 2.28 lb 
” 

- 20 x 30 

cTt = 
228 

0.094 x (56512 
= 0.0076 

= o*oo76 = 0 0635 
0.12 l ) 

( ) k = 0.00404 2B2 t 
V ( > Gt 

= 0.09 

From figure 3, values of can be obtained for various I 

values of p. (Inasmuch as r = 0, the: j3 = Pt and V = Vt.) Then, 
by interpolation between the charts of figure 1, 8t 

t 
cm be obttined. 

BR 

. 

The computations are presented in table I. Similar computations were 
also made for 20-knot and lo-knot winds. The presentation of these 
results in graphical form is made in figure 5, in which is plotted the 
tail-rotor pitch required by the ssmple helicopter to hover at various 
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sideslip angles in various winds. The vortex- region for each curve is 
to the left of the flag. 

Tail-rotor pitch required to turn at a steady rate.- In order 
to obtain information on the damping in yaw of the tail rotor, the 
tail-rotor pitch required to maintain a steady yawing velocity of 
0.2 radian/set, both to the left and to the right, during a turn in 
the 20-knot (33.7 ft/sec) tind will be computed subsequently (the 
dwing in yaw of the main.rotor and fuselage will be neglected). 

For each sideslip angle p, gt and Vt are ccmputed by using 
equations (B8) and (Bg). Then, repeating the procedure for finding 
the tail-rotor thrust coefficient as was done for the 30-mot-wind case 
in the preceding section, 

CT ( > - = 0.072 = t 
and 

= o-88 

The quantity is then obtained from figure 3. 

By using equation (BlO), 

Then, by interpolation between the charts of figure 1, the data in 
table II for V = 20 knots, r = 0.2 radian per second, were obtained. 
Similar computations, made for r = -0.2 radian per second, are pre- 
sented in graphicaLform (fig. 6) together with the results for the 
r=O casefromffgure5. 
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Response to Pedal Deflection While 

Hovering in Zero Wind 

The yaw response per inch of rudder pedal deflection for the sample 
helicopter while hovering in zero wind will now be calculated. The sta- 
bility derivatives'needed for equations (B2) end (B3) will be determined 
from the charts of figures 1 and 3 for the two extreme assumptions that 
an =0 and AQ=r. By assting small displacements from t&m, the 
derivatives will be computed at the trim condition, which is 

(i--&-& = O-l29 (cT/dt = 0.89, (vF)t = 0, and etF = ~~6~. 

The control derivative oN/&t is calculated by means of equa- 
tion (~6) as follows: 

For (&d, = 0.12, taking increments from the (CT/a)t = 0.06 

line to the ET/dt = 0.10 line at 
Vt sin /3t 

(Mt 
= 0 gives 

aN AL= -= 
% 4 

-30 x 0.094 x (565)2 x o-1.2 

The tail-rotor damping derivative is cmuted by means of equa- 
tion (BIU). The first part of the expression is obtained by taking yre- 
men-k from (CT/U)~ = 0.08 to (C!T/U)~ = 0.10 along the et& = 12.6 

4 
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line in figure l(d). The second part of the-expression is zero for the 
present hovering-in-zero-wind case. Thus, 

= -2,550 lb-ft 
radian/set 

&i = 3 = 0. 
- 

Inasmuch as V = 0, then 
aq aP 

For the assumption thaeAS2 = 0, there is a damping contribution 
of the main'rotor that -is coquted from equation (Bl2) as 

0 &I & -2 ; 2 = = _ 
m 

x 20 350 x x 20 550 = -960.. lb;ft 
radian/set 

By substituting into equation (B5) and taking I, = 7,000 slug-ft2, 
the value of c is found to be 

c _ -2550 - g6o 
7000 = -0.50 

Then, from equation (B4), 

q -= 
*et 

-35(e-0'50t + 0.5Ot .- 1) 

For t = 1 second, 

dt = 1) 

Ah 
= -3.7 deg/deg 
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Thus, for the assumption that AQ = 0, the displacement in yaw per inch 
of pedal travel at t = 1 second is 

dt = 1) 
mr 

= -3.7%$ x % gfs . = 9.3 2 . 
where the -8 inches is the total rudder pedal deflection corresponding to 
the total pitch range of 20°. 

For the assumption that m = r, I, is now equal to 5,000 slug-ft2, 
D?/AQt is unchanged, end (aN/&), = 0. Inasmuch as, at trim, 
(V sin p)t = 0, the additional demping in yaw of the tail rotor because 
of its variation in speed is (as pointed out in appendix B) equal to 
(aN/ar>m computed under the assuurption that m = 0. Thus, 

*aN 0 = -960 lb-ft 

ar t radian/set 

Then, by substituting into equation (B5), 

c = -2550 - 960 = -0 7(-J . 
5000 

and, from equation (a), 

tl -= -256 -O.-rot + 0.7ot - 1) 
A% 

For t = 1 second, 

71(t = 1) 

4 
= -4.9 deg/deg 

or 

gt = 1) 
Dr 

= -4.9 x 2 = 12.3 deg/in. 

For (V sin P>t = 0, the only difference in the exponential equa- 
tion for q/Mt resulting from the use of the two different rotor-speed 
assmtions arises from the use of a smaller moment-of-inertia value in 
the AS2 = r case. If the moment of inertia of the main rotor is rela- 
tively large cmared with that of the fuselage, the more conservative 
assumption should be used for design purposes. In the present illus- 
trative example, inasmch as the values of yaw displacement computed 
for the two different rotor-speed assumptions do not differ very much, 
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the average.value is used. Thus, for the sample helicopter in hovering 
at zero wind, the displacement in yaw per inch of pedal travel at 
t = 1 second is 

rl(t = g’3 + 12’3 ti 10.8 &g/in pedal . 
Br 2 

In figure 7 are shown, for the sample helicopter, time histories 
of response to a l-inch step displacement of the rudder pedals while 
hovering in zero wind. The curves were obtained from the computed 
equations for v/LXIt which were derived on the alternate assumptions 
of constant rotor speed and A0 = r. At t = 1 second, the average 
value of 11 is 10.8’, as determined previously. 

Response to Pedal Deflection While 

Hovering in 30-Knot Wind 

There will now be computed the tail-rotor pitch required to satisfy 
the requirement of reference 1 that the helicopter, while trFmmed at the 
most critical yaw angle. during hovering in a 5+?xnot wind, achieve 3O of 
yaw in the firstsecond following full pedal deflection in the critical 
direction. 

For the sample helicopter, table I indicates that the critical yaw 
angle during hovering in a 50-knot wind is 90° left yaw (rightsideslip) 
at which time 15.10 of tail-rotor pitch is required. In order to illus- 
trate a less smlified case, it wiU be assumed, however, that because 
of fuselage yawing moments the critical angle is 60° right sideslip and 
there is an aerodynamic yawing moment to the right of 1,500 pound-feet 
acting on the fuselage. Thus, before proceeding with the response-to- 
pedal-deflection calculations, it is first necessary to calculate the 
pitch angle required to trim at the new critical yaw angle of 60°. 

Determination of new trim value of tail-rotor pitch.- By repeating 
the procedure used in a previous section for co~mputing the.pitch 
required for trim while hovering'in a 50-knot wind, but taking the 
fuselage yawing moment into account, the following equations are given: 

Bt = 60~ 

Tt = 228 + 9 = 278 lb 
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‘Tt =o.OOg3 

(CT& = 0.0775 

(CT/a2)t = 0.00494 

= 1.28 

From figure 3, 

(&& = o*g35 
Thus, 

. 

. 

Interpolating between the charts of figure 1 for 

and 0.12, for t = 0.0785 and (CT/U)~ = 0.0775, gives 

= 15.5% Thus, the new trFm value of tail-rotor pitch is 15.5O 

instead of 15.1°, which was calculated for the case of zero assumed fuse- 
lage yawing moment. 

Computation of tail-rotor pitch required to maneuver.- The calcula- 
tion of the additional smount of tail-rotor pitch required to achieve 
3O of yaw.in the first second folloting full pedal deflection will be 
carried out, as in the previously described calculations of a-step-pedal 
maneuver in zero wind, under the alternate assumptions of constant rotor 
speed snd a variation of rotor speed equal to the yawing velocity. 

, 
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By assuming constantrotor speed, the stability derivatives needed 
for equations (B2) and (B3) are determined in a manner similar to that 
carried out for the zero-wind case as follows: 

From equation (B6), 

From equation (Bl2), 

= -6go lb-ft 
radian/set 

From equation (Bll), 

hN 0 a,, 
= -108,~o -30 -0.02 + 

C 
565 0.031 

= -3,900 
lb-ft 

radian/set 

Although the aerodynamic fuselage moment is assumed to remain unchanged 
during the pedal-deflection maneuver, there is a change in the static- 
directional stability of the tail rotor. This derivative is found by 
substituting into equation (Bl4) values for known constants and slopes 
obtained by interpolation between the 0.09 and 0.12 charts of figure 1 
and from figure 3. 

aN 
s=- , 

-,".,"6," 108,000 x 0.090 cos 60~ - 

-0.006 0.~2 x 108,000 x 0.004 x 57.3 
0.03 

. 

= 3,240 + 590 = 3,830 lb-ft/radian 
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For turns over a spot, 

aN aN -=--= 
all ap 

-3,830 lb-ft/radian 

Substituting the calculated derivatives into equation (B3) gives 

,2 _ -390 - 690 
5ooo”+ 2000 s - 

By solving for the complex roots a k bi, 

a = -0.33 

and 

b= 0.66 

Substituting into eqization (B2) gives 

2l-= 
mt 

-16.3 e I: '0'33t(-~.5~ sin O.66t - cos 0.66t) + 1 7 

. For t = 1 second, 

. 

17 

q(t = 1) 
A8 

= -3.4 deg/deg 

Thus, under the assumption of coqstant rotor speed, 3 deg 
3.4 deg/Ws 

= oJB” 

of additional tail-rotor pitch would be required to achieve 3’ of yaw in 
the first second following the pedal displacement. 

Under the assumption that fX2 = r, the calculation would proceed 
as follows: 

Iz = 5,000 

. ski! is unchanged 
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The additional dexrjing ti y&W due to variations~li~n.taii~rotor speed is 

obtained from equation (B20). The derivative 
a(cT/Q)t 

has already 

is unchanged -: 

been obtained for &Z/a& Thus, 

A($ i -$s 0.0785 z + 2 &278) = -1,110 

Substituting into equation (B3) gives 

s2 - pooo 
-3900 - 1llo ; -3830 ;- --= 

5000 

a = -0.50 

and 

b = 0.72 

Thus, by substitutitig into equation (B2), 

sin 0.72t - co8 0.7-a) + 1 1 
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For t = 1 second, 

q(t = 1) = -4.2 deg/deg 
Bt 

The additional pitch required would then be 
* = o*710* 

Tail-rotor pitch needed to satisfy requirement of reference l.- 
Taking an average of the answers for the two different assumptions gives 

AQ t = o=88 + O.71 = 0 80 
2 . 

Thus, in order to achieve the required 3' of yaw in the first second, 
0.8~ of additional tail-rotor pitch would be required. The total value 
of et needed to satisfy the requirement of reference 1 is, therefore, 

0-t = 15.5O + 0.8' = 16.3" 

DISCUSSION OF ILUJSTRATIVE CAU!ULATIONS 

Some significant characteristics of low-speed tail-rotor directional 
stability and control can be deduced 
herein. 

from the sample calculations made 

Directional Stability and Damping in Yaw 

The curves of figure 5 indicate that, if fuselage directional. sta- 
bility characteristics are neglected and tail-rotor thrust is assumed to 
act toward the right, the typical single-rotor helicopter at speeds below 
10 knots is directionally stable from approxi&.tely 50° left sfdeslip to 
about 90' right sideslip. For speeds higher than about 10 knots, the sta- 
bility characteristics during sideslip in the direction of tail-rotor 
thrust are similar, the directional stability increasing with speed. 
For sideslip in the direction opposite to tail-rotor thrust, however, 
a directional instability appears, as a result of the tail rotor entering 
the vortex region. The curves in figure 6 indicate that, although the 
damping in yaw at 20 knots is normally stable, in the vortex region the 
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dsmping in yew is approximately zero, or even slightly unstable. Simi- 
lar curves for 30 knots indicate large erratic variations in demping in 
yaw, from unstable to stable, in the vortex region. Also, although it 
is not shown by the curves of figures 5 and 6, reference 8 gives evidence 
that the vortex region corresponds to an unsteady-flow condition. 

Inasmuch as the axial component of velocity through the tail rotor 
depends upon the sine- of the sideslip angle, the curves of figures 5 
and 6 can be used for the entire azimuth range of *i80O. For example, 
at P = 160°, the tail-rotor pitch is the same as at B = 20°. 

Response to Step Pedal Deflection 

The time history of figure 7 is typical,of first-order single- 
degree-of--freedom systems inasmuch as a = 0. Initially, the rate of 

87 
displacement depends primarily on the inertia, whereas later it depends 
primarily on the damping. At all times, the displacement depends upon 
the control moment. Thus, by calling for a specifi% yaw-angle range in 
1 second, requirements such as those of reference 1 insure against insuf- 
ficient or excessive control moment in relation to the inertia and demping 
in yaw. Preliminary study of yaw control in near-hovering flight ina- 
cates that the pilot probably expects the yaw displacement to be within 
certain limits a short time after a reasonable pedal motion. 

For the sample helicopter in hovering, the yaw response at the end 
of the first second was calculated to be 10.8' yaw per inch of pedal 
displacement. Preliminary flying-quality studies indicate that, if the 
pedals have large friction and out-of-trim forces, such a response may 
be too high. Of course, reduction in pedal friction and incorporation 
of a trinmring device would help. If, however, the yaw control were 
still too sensitive, a possible solution might be the incorporation of 
a mixing linkage in the ta$l-rotor control such that collective pitch 
or throttle motion would also produce a tail-rotor pitch change. Then 
the pitch change per inch ofpedal could be reduced. Another advantage 
of such a mixing linkage is that .it would reduce t&e coordination 
necessary between pitch lever and pedals during hovering at different 
wind speeds. Reducing the,sensitivity of the.sam& helicopter by 
increasing pedal travel is. not f.e.asible inasmuch e&the travel is 
already a typical value of 8 inches. 

-- 

From the calculation of response to pedal deflection in a 30-knot 
wind, it was found that 16.3’ of tail-rotor pitch would be required for 
the sample helicopter to meet one of the requirements of reference 1. 
This requirement calls for the ability, while trimmed at the most criti- 
cal yaw position in a 3Gknot wind, to achieve at least--3O of yaw in 
the first second following full displacement of.the pedals in the 
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critical direction. By use of figures 1 and 3, the miniIIIum pitch at 
which the tail rotor would start to staU in the range from 0 to 30 knots 

was found to be about 1%'. Thus, it appears that the tail rotor of the 
sample helicopter could be rigged to give the required pitch without 
danger of stalling. 

Ln order to study the adequacy of the charts presented herein, a 
comparison of the theory'was made with experimental results. In fig- 
ure 8 are presented plots of pedal position against sideslip angle 
during fairly rapid turns over a spot in a tind of approximately 13 knots 
for the single-rotor helicopter shown in figure 9. This helicopter has 
characteristics that are generally similar to the sample helicopter 
characteristics used herein. The sideslip angle was obtained by inte- 
grating measured yawing-velocity records. In figure 8 are also presented 
theoretical curves of pedal position against sideslip angle computed 
from the charts herein for the helicopter of figure 9 for the first half 
of the turn in each direction. (Only the first half of the turn is 
computed because the experimental sideslip angles during the second half 
of the turn are Lnaccurate because of the accumulation of integration 
errors.) The assumption that hn = r was used.in calculating the theo- 
retical curves, but, for simp3lcity, the additional damping in yaw of 
the tail rotor due to changes in rotational speed was neglected as were 
fuselage yawing moments. The tail-rotor thrust was corrected for 
measured yawing accelerations. 

During the turn to the left, the measured pedal position varies 
rather smoothly throughout the entire maneuver. However, during the 
early part of the turn to the right> large end rapid pedal displace- 
ments are indicated. The resultant velocity and sideslip angle at the 
tail rotor, corrected for yawing velocity, were computed during the 
computation of the theoretical curves. Comparison with figure 4 indi- 
cated that, during the turn to the left, the tail rotor never entered 
the vortex region; whereas during the turn to the right, it did. The 
range of sidesllp argle for which the tail rotor was within the vortex 
region based on figure 4 is indicated in figure 8(b). It can be seen 
that the large and rapid pedal motions all occurred while the tail rotor 
was in the vortex region. The pilot's effort when the tail rotor is 
operating in the vortex region is increased, probably because, as indi- 
cated previously, the flow conditions there are unsteady and the damping 
in yaw is low or unstable. 

The qualitative correlation of the theoretically and experimentally 
indicated extent of the vortex region gives some confidence in the 
accuracy of the downward inflow limit of the vortex region in the 
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theoretical curves herein. As indicated in appendix A, this limit was 
based on the indication of reference 8 that the vortex region begins 
when the axial component of velocity is approxkately 40 percent of the 
inflow velocity. 

This region of difficult tail-rotor control that resulta when the 
tail rotor enters the vortex region is similar to that-which is experi- 
enced when the main rotor enters the vortex region during partial-power 
descent at zero or.low forward speeds. Knowledge- of the-existence of 
this region of difficult tail-rotor control should be of value to--pilots 
in that they would not expect to achieve steady conditions in this region 
and hence would try to avoid prolonged operation therein-when feasible. Y 

For a particular helicopter, the regions of forward speed and 
sideslip angle in which tail-rotor control difficulty may be experi- 
enced can be computed.from.figure 4. &i@ted unpublished flight data 
indicatethe vortex region to be less.potent, or perhaps-even non- 
existent, at the higher forward speeds.covered in figure 4. The large 
component of velocity perpendicular to the rotor-shaft at the higher 
forward speeds may reduce or eliminate the formation of this type of 
flow. However, until a more thorough experimental investigation 
establishes an upper speedJ@ic, to the.vortex region, the entire .-. 
vortex region of figure 4 may well be considered as a region of poten- 
tial difficuty. 

A-LO0 angle of sideslip, the theoretical curves of figure 8 indicate 
about 15 percent more right pedal, or-about 3' less pitch, than the 
experimental curves. Some of this difference is thought-to be due to- 
the experimental.pitch being lower then that indicated by pedal position 
because of pley and distortion in the tail-rotor control system. .At 
high values of tail-rotor pitch, a large left pedal force is required 
along with the left pedaLdeflection, indicating alarge pitch-reducing 
tendency in the tail rotor. Also, the effectiveness of the root portFon 
of the tail-rotor blade is probably reduced somewhat by the exposed 
heads of the bolts used to attach the blade to the root fitting. In 
addition, calculations indicate the taper of the t&l-rotor blades, 
which was neglected $n the theoretical derivatives herein, to cause the 
theory to underestimate somewhat the tail-rotor collective.pitch. All 
these conditions cause the theory to underestimate the required tail- 
rotor pitch. Thus, for design purposes, these factors must be accounted 
for, either rationally or empirically. T- 

For the turn-to the left, the shape of the theoretical curve com- 
pares well with that of the experimental curve, except for somewhat 
higher slopes. The difference in slope indicates that the fuselage is 
unstable directionally. 7. 
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For the turn to the right, the theoretical curve does not match 
the experimental curve as well. This situation is to-be expected 
because of the unsteady flow conditions in the vortex region. 

This comparison between measured and theoretical tail-rotor pitch 
during fairly rapid turns over a spot indicates the charts and proce- 
dures herein to be useful for coquting either the change in tail-rotor 
pitch needed for a given dynamic maneuver or the motion of the helicopter 
due to pedal deflection. 

CONCLUDING l?EMdXS 

Theoretically derived charts and equations have been presented by 
which tail-rotor design studies of directional trim and control response 
at low forwsrd speeds (i.e., at tip-speed ratios less than 0.10) c&11 be 
conveniently made. These charts can also be used to determIne the main- 
rotor stability derivatives of the ratio of thrust coefficient to sol1di.t.y 
with respect to pitch angle and rotor angle of attack at low forward 
speeds. 

Studies made with the charts and confirmed by flight tests indicate 
a region of difficulty of tail-rotor control at various combinations of 
forward speed and sideslip angle similar to that which has been experi- 
enced on maIn rotors during partial-power descent at zero or low forward 
speed. It appears desirable to avoid prolonged operation in this region. 

The measured variations of tail-rotor pitch during a moderately 
rapid turn over a spot in a wind can be fairly well predicted 
theoretically. 

Langley Aeronautical Laboratory; 
National Advisory Committee for Aeronautics, 

Langley Field, Va., October 2'7, 1953. 
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APPENDIX A 

TEEORETICALDEVEL0PMENT - STATIC ROTCR CRARACTERISTICS 

In this appendix.equations for-the collective pitch of.a tail rotor 
at low forward speeds are derived in terms of its forward speed, tip 
speed, sidesup angle, thrust coefficient, solidity, and the yawing 
velocity of the helicopter. These equations are used to derive charts 
from which the tail-rotor directional-stability, directional-control, 
and demping-In-yaw derivatives can be obtained.. 

Assumptions 

Uniform inflow.- The.inflow through the rotor is assumed to be 
uniform. The effect of-a radial-variation in inflow is discussed later. 
Reference 3 indicates no appreciable effect-of fore and aftinflow 
asymmetry on thrust at fixed values of pitch and average inflow. 

Isolation of tail rotor.- At some forward speed the tail rotor 
enters the downwash field of the main rotor. The effects of operating 
in the main-rotor downwash field are neglected, inasmuch as the primary 
effect is a change in the direction of flight-of the tail rotor. The 
effect of tail-rotor supporting structures and the proxlmLty of tail 
surfaces is also neglected. 

Neglect of p2 with respect to unity.- The assumption is now made 
that p is less than 0.10 and, therefore, $ is much less than 0.01. 
Thus, neglect of p2 with respect to unity ca ses 

8 
a maximum error in 

each term of about 1 percent. The term (p/h) , however, is not negli- 
gible with respect to unity. 

Assumptions of references 3 and 4.- Inasmuch as the derivatives in 
this paper are basedpn the equations of references 3 and 4, the assump- 
tions of these references are automatically incorporated herein. 

Development ofEquations 

Inasmuch as 
%R 

= 00 + 0.75BQ and ~2 is assumed to be much less 

than1 ($<<1),4 equation (6) of reference 4 can be rewritten as follows: 
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Equation (7) of reference 4 can be rewritten as follows: 

Since the last term represents rotor induced velocity, absolute 
bars have been added to h in order to make the expression always 
positive. Also, B2 has been added in the denominator of the last 
term in order to provide consistency with forward flight analyses, 
wherein it is assumed that the rotor is effective only in producing 
thrust out to BR. 

For the normal working state of a rotor wherein h is negative, 
equation (A2) can be solved for h as follows: 

h V sina 1 c--r- 
LlR 2 2 

2 

Substitution of equation 
gives, for negative h, .- 

(A3) into equation (Al) and solving for 

(A?) 

4 CT +----- 
.&a ClR 2 (A4) 

In order to put equation (A4) into a more convenient form for tail 
rotors, 

e$BR 
will be expressed in degrees, and instead of the angle 

of attack a, the sideslip angle p will be used. For the case of 
counterclockwise main-rotor rotation, the tail-rotor thrust is to the 
right for the conventionally powered helicopter. Thus, a for the 
tail rotor is equal to -p, where fi is positive for sideslip to the 
right. (In the jet-powered helicopter, the tail-rotor thrust required 
to overcome the friction torque will act to the left for counterclockwise 
main-rotor rotation, fn which case a = p. The sign convention corre- 
sponding to the conventionally powered helicopter till be followed in 
this paper.) Also, a yating velocity of the helicopter will cause an 
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additional flow through the tail rotor. Thus, the expression $ sin a 
becomes -Vt sin &..(CR)t where Vt and Pt are, respective<yy the 
velocity and sideslip angle at-the tail rotor including the effect of 
yawing velocity. Thus, equation (A4) becomes, for negative h, 

(A5) 

For those conditions where -h is positiv+repeating the steps for 
equations (A.3) to (A5) gives 

Validity of Uniform Inflow Assumption 

Comparison of equation (A&) with equation (Al7) of reference 5 
indicates that 8 

@ Ii 
for a linearly twisted rotur blade in vertical 

cli1133 where p = 0 and sin a = -1 is equal to 8 
$BR 

for an ideally 

twisted rotor in vertical climb (at equal values of 'C!.rf, 6, and V/CR). 
From a study of figure 1 of reference 6, it can be seen that, atleast 
for the special case of hovering, a soJ_ution for .8 for a linesrly :. R 
twisted rotor includim radial inflow variations shows thatthe pitch 
angle at $3R is very close to esR for the ideally twisted rotor. 

3 
(In fig. 1 of ref. 6, B = 1.0.) Thus, the assumption made herein of 
uniform inflow is indicated to give reasonably correct amwers for 

e&R' 
4 
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Blade-Stall Limits 

c The theory becomes inaccurate when blade sections start to stall. 
In order to give some Idea of the section angles of attack, the section 
angle of attack in the hovering or vertical-flight condition at $BR 
is computed. .This radius was chosen because it is reasonably representa- 
tive and because it is easily computed. The coIIIputation is as follows: 
From equation (27) of reference 4, 

Substituting for h from equation (Al) gives 

For a and 81 in degrees, setting a = 5.73 a,rd B = 0.97, 

a+ 
= 65.73 - o.o&, 

(A71 

(A8) 

(A91 

Vortex Region 

In reference 8 it was reported that, for the test helicopter of the 
reference, unsteady conditions were experienced at vertical rates of 
descent above about 500 ft/min. The inflow velocity (i.e., resultant 
velocity through rotor disk) at this rate of descent is computed to be 
approximately 1,200 ft/min. Thus, it is assumed that the momentum theory 
used in the rotor theory of references 3 and 4 is good until the axial 
component of free-stream velocity upward with respect to the rotor equals 
500/1200 which is approximately equal to 40 percent of the inflow 
velocity. 

Reference 9, page 127, indicates that, when the upward free-stream 
velocity exceeds a certain value, the air flow near the blade tips takes 
on the shape of a vortex ring Instead of existing in the form of a smle 
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sUpstream; thus the unsteady fl? conditions mentioned previously are 
accounted for. This unsteady flow region, in which the momentum theory- 
is inapplicable, is referred to as the vortex region. ti reference 9, 
page 131, the momentum theory used in the rotor theory of references 3 
and 4 is indicated to became good again when the axial component of 
flight velocity upward through the rotor is equal to twice the inflow 
velocity. 

Inasmuch as the momentum theory used in references 3 and 4 (and, 
hence, in this paper} is not-valid in the vortex region, an empirical 
procedure is used to obtain solutions of tail-rotor collective pitch 
in this region. This procedure is based on the use--of empirical curves 
relating vertical flight speed to induced velocity in the vortex region 
and is outlined as follows: Dividing the three terms in equation (A2) 
by 

and using the sngle Pt instead of the angle c~ gives, for negative h, 

/ 
V sin a/m \ (Alo) 

and, for positive h, 
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For vertical climb or descent (P = 0; sin Pt = fl), equations (ALO) 
and (All) correspond to the computed portions of figure 8 (ch. 6) of 
reference 9 where the momentum theory is applicable.. For forward flight 
(cL > 0; sin Pt = +l), the same curves apply if the axial component of 
velocity is used and both coordinate parsmeters are modified with the 
d-2. term. -- --- It will, therefore, be assumed that the empirical 
portion of the curve of figure 8 (ch. 6) of reference 9 would also be 
applicable to forward flight if the 6-Gm term is included in 
the coordinate parameters and the axial component of velocity is used. 
However, the more extensive data of reference 10, modified somewhat in 
accordance with flight experience such as that reported in reference 8, 
are used instead. 

In figure 2 is plotted the relation between 

The regions where the momentum concept is applicable were obtained from 
equations (M-0) and (All). The vortex region which, as discussed pre- 

viously, is between 
( 

V sin p/OR 
h ) 

- -0.4 and -2, is shown dashed, and is 
t 

based on figure 12 of reference 10, modified somewhat fn accordance with 
flight qerience such as that reported in reference 8. By using equa- 
tion (Al) and the empirical region of figure 2, values of 

computed for the vortex region for given values of (V sin 

With the aid of equation (A3), the limits of the vortex region can 
be expressed in terms of these parameters, for downward inflow, as 

e-9, = -“-24bElk( fl*) t 
(A=) 
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and, for upward inflow, as 
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Determination of 

The pitch angle El has thus far been determined 
R 

of three parameters, CT/u, =@-& RXld All of these 
SlR 

*!I!. The quantities can normally be easily obtained except 
procedure for obtaining r/m is now discussed. 

a6 a function 

The quantity b/h can be obtained by rewriting equation (A2) as 
follows: 

h --tana- 1 
CI (V/QR)t2 

(fi4) 

CT/B2 
cos2a Jh/P ] &czF 

For negative values of h, using the relation @t = -a, equa- 
tion (A&) can be solved to give the following equation: 

For positive values of X, solution of-equation (Al4) gives 

. 
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Equations (Al5) and (~6) cm be used to solve for G--C3 

by iteration when fixed values of * and fi are given. 
f&w 

For the vortex region where the momentum theory is inapplicable, 
the following empirical. procedure is used: 

V sin a/fiR 

-= V COB a/CJR P 
h h tan a c 1 L” 

T 

2 

Then, inasmuch as &, = -a, 

V sin $/SIB 

(E) v5e 
At= 

I 1 
A 
CT 

vfi 

tan B 

2B2bX 
t 

(=7) 
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By using figure 2, equation (Al71 can be solved for .-. dL-Gi3 
in the vortex region by iteration when fixed values of /V/RR 

and Pt 

The 
puted to 

are given. .- \+T/zB2/ t 
- 

limits of the vortex region for these parameters can be com- 
be, for downward inflow, 

(gg,=(, O-34 --) 
1 + (0.403/&m j3j2sin.j3 t 

and, for upward inflow, 

W3) 

. 
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THEORETICALDEVELOPMEKF- RESPONSE TO PEDAL DEFLECTION 

The equation for the yaw of the helicopter following a step dis- 
placement of the pedals, together with formulas for the stability 
derivatives required by the solution, are derived in this appendix. 

Equation of tition 

By assuming a one-degree-of-freedom system, the equation of motion 
of a helicopter in yaw is 

12 (B1) 

The equation of motion is solved by means of the Laplace transforma- 

tion for a step deflection of A8t and 3(o) = Aq(0) = 0. 
at 

Using the 

procedure and tables of reference ll and converting 51 to degrees gives 

sin bt - COB bt $-Au, x 57.3 t 
(B2) 

(a2 + b2)1, 

where a f bi are the roots of the characteristic equation 

,2 war --s wh m-z 
12 12 

0 

aN For the special case of - = 0, equation (B2) 
37 

becomes 

57-3 
ect -ct-1 

=ne, x 

II = % 
c2 12 

(33) 

034) 

where 

035) 
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Stability Derivatives 

During a yawing maneuver, the rotor speed would vary some as a result 
of the change in rotor torque. In order to simplify the situation to a 
one-degree-of-freedom system, two extreme cases are studied. In the 
first case, the rotor speed is assumed to remain constant7; whereas, in 
the second case, the rotor speed is assumed to vary enough that it 
remains constant with respect to earth axes - that is, k&2 = r. In the 
first case, the main rotor contributes inertia and +rpi.ng in yaw. In 
the second case, the resulting change in tail-rotor speed varies the 
damping in yaw of the tail rotor. 

Assumption of constant rotor speed.- The equation for the 
dN/&t derivative is 

AN -= 
a-t 

-hdfiR2)t(QR)t2q 
t 

@a 

Changes in tail-rotor thrust due to yawing velocity are, in general, due 

to the resultant changes in (V lp ">t and ki (bs) l Thus, 

t 
the equation for the (aN/ar)t derivative is 

a (‘T/‘) t ae sini2E - “3 
ar 

t+ 
t 

a(CT/O)t 
(37) 
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The forward velocity V and the sideslip angle p at the tail 
rotor are different from the corresponding values at the helicopter 
center of gravity if a yawing velocity r is present. 

From a study of figure 10, pt can be expressed in terms of f3 
and r; and Vt can be expressed in terms of V, j3, and Pt as 
follows: 

Pt = tad tan p - 
( 

rlt 
v cos $ > 

@a 

v, = 
v CO6 p (B9 > 
co= Bt 

Also, the axial component of velocity can be expressed in terms of V, 
p, and r as 

Vt sin j3t = V sin p - Ztr (B10) 

By using equations (B8), (Bg), and (BlO), and carrying out the 
indicated differentiations, equation (B7) becomes 
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If constant-torque coefficient is assumed, the (aN/&), derivative 
becomes 

2Q =-- 
i-2 

(1312 > 

The tail rotor contributes to the directional-atabilty deriva- 
tive aN/ap while the helicopter is hovering in a wind. The contribu- 
tion can be computed as follows ( pt. is assumed equal to p inasmuch as 
the effect of a yawing velocity is accounted for in the derivative WWt) : 

ax -= 
33 

+ 
a. a(6&) 2 t 

b313 1 

Using equation (BlO) and carrying out the indicated differentiation gives 

which may be expressed in terms of the thrust-coeff+ient--solidity ratio 
as follows: 

(=4 ) 



NACA !m 3156 37 

Assumption of ALl = r.- The additional deing in yaw of the tail 
rotor due to a variation in tip speed is computed as follows: 

. 

(Bl5 > 

Inasmuch as Tt = CT&R2), (flR)t2, 

but, inamuch as fISl = r, then 

ALLSO, 

Carrying out the differentiation, 

bl7) 

(B19 > 
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Substituting equations (B17) and (Big) into equation (B16) gives 

(B20 > 

At trim in unyawed flight, (V sin j3)t = 0, and equation (B20) becomes 

2Q = -It ; Tt = - -iT (B=> 

which is identical to equation (Bl2). It is thus seen that, when 
(V sfn Pit = 0, the damping-in-yaw contribution of the main rotor com- 
puted with the assumption of constant rotor speed is equal to the addi- 
tional damping-in-yaw contribution of the tail-rotor computed with the 
assumption that Afl = r. 
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TABIE I.- TAIL-ROTORPITCHREQU~FOR TRIMATDmERENT 

SIDESLIP ANGLES IN A 30-KNOT WIND 

i(& = o.og; (d;;;2)t = 1.4; @, = 0.0635.; ut = OJj 
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Figure 2.- Relation between i&low parameter and axial. velocity parameter 
used in this paper. Dashed line indicates vortex region. 
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Figure 3.- Chart for determinIng 
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Pigure 5.- Effect of forward sped and sideslip angle on tail-rotor pit&’ 
required for sample helicopter to hover over a spot. Vortex region 
fm each curve is to the left of the flag. 
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Figure 6.- Effect of he~copter rate of yaw on tail-rotor pitti requirea 
for trim at different sideslip aglf33 (V = M knots). Vortex region 
for each cwrve is to tlae left of the flag. 
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Figure 7.- Response of sample helicopter lnhove.+ngto al-inchstep 
aiapI&mm?Llt of pedals. 
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Figure 8.- Measured pedal position against sideslip angle during fairly 
rapid turns over a spot Q-I a wind of 13 knots for helicopter of 
figure 9 and comparison with theory. Data point8 are l/2 second apart. 
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Figure 9.- Helicopter on which data of figure 8 were obtained. 
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